Stability of a class of coupled systems by Garrard, W. L., Jr. & Walker, J. A.
General Disclaimer 
One or more of the Following Statements may affect this Document 
 
 This document has been reproduced from the best copy furnished by the 
organizational source. It is being released in the interest of making available as 
much information as possible. 
 
 This document may contain data, which exceeds the sheet parameters. It was 
furnished in this condition by the organizational source and is the best copy 
available. 
 
 This document may contain tone-on-tone or color graphs, charts and/or pictures, 
which have been reproduced in black and white. 
 
 This document is paginated as submitted by the original source. 
 
 Portions of this document are not fully legible due to the historical nature of some 
of the material. However, it is the best reproduction available from the original 
submission. 
 
 
 
 
 
 
 
Produced by the NASA Center for Aerospace Information (CASI) 
https://ntrs.nasa.gov/search.jsp?R=19690025847 2020-03-12T05:19:52+00:00Z
N if 10 V v
IACCEBSION NUMBER)
WAG I
mA A t R^TMXA^..^..Rl
,^^^^,2021^2le
(TNRU)
ICODEI
^a!CAT ORTI
ENGINEER'NG MECHANICS RESEARCH LABORATORY
THE l'NI\'FHSI'1'Y OF TEXAS 	 AUSTIN, TEXAS
STABILITY OF A CLASS OF COUPLED SYSTEMS 
W. L. Garrard2
J. A. Wa.lker3
EMRL RM 1036	 August 1967
1 This work was supported by NASA Grant NAS 8-18120.'
2
	
	 ^^W. L. Garrard is in the Department of Engineering
Mechanics, University of Texas, Austin, Texas.
3 J. A. Walker is with the Department of Mechanical
Engineering and Astronautical Sciences, Northwestern
University, Evanston, Illinois, and on summer appointment
with the Engineering Mechanics Research Laboratory,
University of Texas, Austin, Texas.
Stability of a Class of Coupled Systems
Control problems in the area of gyrodynamics normally
involve a set of coupled second -order differential equations.
A special class of such systems is considered and the stability
results obtained are shown to have direct application to a
current problem involving sub-optimal control of artificial
satellites.
r	 The system considered is of the form
y + [D + S(y^ , t)](aj + bar) = 0	 (1)
where y is an n-vector, D is a constant symmetric nxn
matrix, S is a skew -symmetric nxn matrix whose elements may
be functions of	 ,	 , and t , and a and b are
constants.1
Theorem; If a > 0 , b > 0 , S + S' = 0 , and
a 
2 D - bIn > 0 , then the equilibrium at the origin
of (1) is globally asymptotically stable.2
1 It is assumed, as usual, that solutions of (1) do indeed
exist.
2 I n represents the nxn unit matrix.
1
2Proof: Let x 1
 = Y , 12 = Y , and write (1) in the form
X 1 = X2
x 2 = - [D + S(x1 ) 12 , t)](ax 2 + bx 1 )	 (2)
Consider the scalar function
I	 t	 r
	V = 2abx lDx l + 2bx 1x 2 + a— 	( 3)
having the derivative according to (2)
V = - 2x 2 [a 2D-b7 n ]x 2 - 2b 2x 1Dx 1
	(4)
Since (3) may also be written as
V= a 1 1 [2a2D - bIn ]x 1 + a(x2 + a 1 1 )( x2 	 + a X1)
the theorem follows immediately [1].
The theorem can be applied to a problem in sub-optimal
attitude control of an artificial satellite using motor
driven inertia wheels as a source of control torque. The
angular motion of a satellite whose principle moments of
inertia are equal is determined by
3e +H@ +h =0	 (5)
0	 h 3 h 2 	 e1	 h1
where H = -h 3 0	 -h 1 	,	 8 = e 2 	,	 h	 h2
-h2 h l 	0	 e2	 h3
and	 hi = the angular momentum of the i th inertia wheel divided
by the principle moment of inertia of the satellite.
9 = the angular displacement (assumed small) of the
satellite relative to some non-rotating orthogonal
reference frame whose origin is located at the center
of mass of the satellite.
The vector h represents the control effort used to regu-
late the attitude of the satellite. This vector is to be
selected in feedback form as a function of the current values of
8 , 9 , and h , and must drive a and 9 to zero while produc-
ing an "approximate minimum" of the integral performance index
(OD
J = J (qe'e + pe'e + h'h)dt	 (6)
0
where p and q are positive constants.
The h vector is time-varying and its functional form
cannot be specified a priori. In order to determine an adequate
control, a method for sub-optimal control proposed in [2] may be
applied. This method yields
4hag +be+a He	 (7)
where a = 3p+^ and b -
This control, however, is acceptable only if (5) is then
asymptotically stable. Combining (5) and (7),
e + [I 3 +a H](ae + be) - 0	 (8)
and the theorem then assures that (9) is asymptotically stable
for all p > 0, q > 0, regardless of the unknown time-varying
matrix H. Bj (7) it is also clear that h - ► 0 as t -1- -.
5References
1. W. Hahn, "Theory and Application of Liapunov's Direct
Method," Prentice Hall, Inc., Englewood Cliffs, N. T ., 1963.
2. W. L. Garrard, N. H. McClamroch, and L. G. Clark, "An
Approach to Sub-Optimal Feedback Control of Non-Linear
Systems." International Journal of Control (to arpear).
